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T h e  po la r i za t ion  co r rec t ion  for  c rys ta l  m o n o c h r o m a t i z e d  
r ad i a t i on ,  w h e n  expressed  in t e rms  of angles  re fe r red  to  
a n  i n s t r u m e n t a l  po la r  axis,  depends  on the  o r i en t a t i on  
of th is  axis  w i t h  respec t  to  t h e  p lane  of inc idence  a t  t he  
m o n o c h r o m a t o r .  I n  severa l  p r e sen t a t i ons  of the  fo rm of 
this  co r rec t ion  ( W h i t t a k e r ,  1953; Azaroff ,  1955, 1956; 
Bond ,  1959), no  speci f ica t ion  of this  va r i ab le  was  m a d e ,  
a l t h o u g h  a p a r t i c u l a r  va lue  was  ev iden t l y  ass tuned.  W e  
p resen t  he re  an  e v a l u a t i o n  of t he  po la r iza t ion  fac to r  
t a k i n g  expl ic i t  a c c o u n t  of t h e  va r iab le  in ques t ion .  

Azaroff  (1955) has  g iven  the  fol lowing genera l  ex- 
press ion for  t h e  po la r iza t ion  cor rec t ion  P w h e n  crys ta l -  
m o n o c h r o m a t i z e d  r ad i a t i on  is e m p l o y e d :  

(1 + c o s  ~" 20m)P=(cos 2 20m cos 2 @ + s i n  ~ @) cos ~ 208 
+ cos 2 2 Om sin 2 @ + cos ~ @ • 

H e r e  0m is t he  B r a g g  angle  of t he  m o n o c h r o m a t o r ,  
Os t h a t  of t he  sample  ref lect ion,  a n d  @ the  angle  b e t w e e n  
the  no rma l s  to  t h e  p lanes  of inc idence  a t  t he  mono-  
c h r o m a t o r  a n d  sample .  

App l i ca t ion  of this  express ion  to  a g iven  t e c h n i q u e  of 
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m e a s u r e m e n t  is essent ia l ly  t h e  t a sk  of e v a l u a t i n g  t h e  
angle  @ in t e rms  of c o n v e n i e n t  var iables .  F o r  inc l ined-axis  
Weis senberg  m e a s u r e m e n t s  (see Fig .  1), these  m a y  be  
t a k e n  as t he  l a t i t ude  angles  /t a n d  v of t h e  p r i m a r y  
m o n o c h r o m a t i c  b e a m  and  the  re f lec ted  b e a m  wi th  respec t  
to  t he  equa to r i a l  p l ane  of t h e  m e a s u r i n g  i n s t r u m e n t ,  
t o g e t h e r  w i th  t h e  B r a g g  angle  of t h e  s ample  ref lec t ion  Os. 
The  l a t t e r  can  be re-expressed,  if desi red,  in t e r m s  of t he  
l a t i t ude  v a n d  a z i m u t h  T of t h e  re f lec ted  b e a m .  T h e  
o r i en ta t ion  of t he  i n s t r u m e n t a l  axis  m a y  be  specif ied b y  
m e a n s  of a single angle  a, w h i c h  we he re  def ine  as t he  
angle  b e t w e e n  the  no rma l s  to t he  m o n o c h r o m a t o r  p lane  
of inc idence  and  the  p lane  g e n e r a t e d  by  the  Weis senbe rg  
axis a n d  the  p r i m a r y  m o n o c h r o m a t i c  beam.  Fig .  1 shows 
the  geomet r i c  e l ements  in an  i sometr ic  v iew a n d  p ro j ec t ed  
on to  t he  p lane  n o r m a l  to  t he  p r i m a r y  m o n o c h r o m a t i c  
b e a m .  The  sign of a is to  be t a k e n  in such  a w a y  t h a t  t h e  
re la t ion  @ = a + T holds  for t he  a c u t e  angles  T a n d  a as 
shown  in t he  figure.  H e r e  T is t he  angle  b e t w e e n  n o r m a l s  
to t he  p lanes  g e n e r a t e d  by  the  p r i m a r y  m o n o c h r o m a t i c  
b e a m  wi th  t he  Weis senberg  axis a n d  w i th  t he  ref lec ted  
b e a m .  

The  e v a l u a t i o n  of T will  t hus  y ie ld  t h e  des i red  angle  @. 
F o r  this  purpose ,  we  def ine  u n i t  vec tors  s 0, s ,  a n d  z 
a long the  d i rec t ions  of t he  p r i m a r y  m o n o c h r o m a t i c  
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Fig. 1. Isometric drawing of the geometric elements of inclined-axis Weissenberg measurements,  and a projection onto the 
plane normal to s 0. Shown here is the equi-inclination case, so tha t  the angle /t is negative, s' ,  z', and s~ are the projections 
of s, z, and s 1, while nsl, s0 ns, s0, and nz, so are the common normals to s 1 and s 0, s and s 0, and z and s 0, respectively. 
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b e a m ,  t h e  r e f l ec t ed  b e a m  a n d  t h e  W e i s s e n b e r g  axis,  
r e spec t i ve ly ,  a n d  le t  z m a k e  a n  o b t u s e  ang l e  w i t h  s 0. 
I t  fo l lows t h a t  

cos v = (s x So)" (z x s0)/{Isin (s, s0) ] Isin (z, s0)l} 

= (s × So) • (z × s0)/{sin 20s cos i f} .  

(No te  t h a t  ~ is t h e  c o m p l e m e n t  of t h e  a c u t e  ang le  
b e t w e e n  - z  a n d  So.) B y  m e a n s  of a v e c t o r  i d e n t i t y ,  
t h e  n u m e r a t o r  is t r a n s f o r m e d  to  

(s × So) • (z × So) = (So" S o ) ( s .  z ) -  (So" z ) ( s .  So) 
= cos (s, z ) -  cos (So, z) cos (s, So) 
= sin v - s i n  ff cos 20s • 

F o l l o w i n g  B u e r g e r  (1942), ff a n d  v a re  m e a s u r e d  in t h e  
s a m e  d i r e c t i o n  f r o m  t h e  e q u a t o r i a l  p l ane .  H e n c e  in t h e  
u s u a l  e x p e r i m e n t a l  a r r a n g e m e n t s ,  as in F ig .  1, # a n d  
s in /x  t a k e  n e g a t i v e  (or zero) va lues .  T h u s  t h e  r e l a t ions  

cos • = (sin v - sin ff cos 20D/(s in  20 ,  cos ~) 
a n d  

@ = T + a  

y i e ld  t h e  des i r ed  ang le  @. 
T h e  specia l  cases m o s t  f r e q u e n t l y  m e t  in  p r a c t i c e  are  

t h e  f o u r  c o m b i n a t i o n s  of t h e  fo l lowing  t w o  c o n d i t i o n s :  

a. a = ~ / 2  or  a = 0 .  
b. /x = - v  (equ i - inc l ina t ion)  or  g = 0 ( n o r m a l  inc idence) .  

F o r  these ,  t h e  exp res s ions  g iv ing  @ a n d  P are  t h e  follow- 
ing :  

a = : t / 2 ,  i f = - v :  

sin @ =- tan  v c t n  Os 
(1 +COS ~ 2 0 m ) P = c o s  ~ 20ra (1 - c o s  2 v sin ~ :Y) 

+ 1 - cos ~ v sin s v (1 + cos :Y)~. 
a = : t / 2 ,  g = 0 :  

s in @ = sin v cse 20s 
(1 + c o s  2 20m)P = c o s  ~ 20m + c o s  2 v(1 - c o s  9 20m sin ~ I') . 

(~=0, /~------v: 

cos @ = t a n  v c t n  Os • 
(1 + cos ~ 2 0 m ) P  = cos ~ 2 Ore[1 - s in s v cos 2 v(1 + cos ~)2] 

+ 1 - c o s  2 v s in  e T. 

a = 0 ,  # = 0 :  

cos @ = sin v csc 20s • 
(1 + c o s  ~ 20m)P  = 1 + c o s  2 v (cos 2 2 0 m - s i n  ~ ~)  • 

T h e  r e l a t ions  cos0  = c o s y  cos Y/2 a n d  c o s 2 0  = c o s y  cos :r 
for  t h e  e q u i - i n c l i n a t i o n  a n d  n o r m a l  i n c i d e n c e  cases,  
r e spec t ive ly ,  h a v e  b e e n  u s e d  in d e r i v i n g  t h e s e  express ions .  

W h i t t a k e r  (1953) ha s  g i v e n  a n  e x p r e s s i o n  for  P in 
gene ra l l y  i n c l i n e d - b e a m  W e i s s e n b e r g  g e o m e t r y  w i t h o u t  
s t a t i n g  t h e  o r i e n t a t i o n  of t h e  i n s t r u m e n t a l  ax is  to  w h i c h  
i t  appl ies .  W e  f ind  t h a t  i t  is e q u i v a l e n t  to  o u r  exp re s s ions  
for  a - -  ~/2.  B o n d  (1959) ha s  r e c e n t l y  g i v e n  t h e  r e d u c t i o n  
of W h i t t a k e r ' s  e x p r e s s i o n  for  e q u i - i n c l i n a t i o n  g e o m e t r y  
a n d  h a s  c o m b i n e d  th i s  f a c t o r  w i t h  t h e  L o r e n t z  co r rec t ion .  

F o r  a g i v e n  level in  t h e  n o r m a l  i nc idence  m e t h o d ,  
t h e  ang le  @ t a k e s  va lue s  in  t h e  r a n g e  ~ to  a + (~/2)  -- v as 
:/" r anges  f r o m  0 to  ~/2.  A c o n t r a r y  s t a t e m e n t  b y  Azaro f f  
(1955) t h a t  in  th i s  m e t h o d  @ is equa l  to  v, c o n s t a n t  for  
a g i v e n  level,  is e v i d e n t l y  in  error .  

I n  t h e  case of t h e  p recess ion  m e t h o d ,  Aza ro f f  (1955) 
has  p o i n t e d  o u t  t h a t  b o t h  @ a n d  2 0s are  r e l a t e d  in a s i m p l e  
w a y  to  c o - o r d i n a t e s  on  t h e  f i lm.  T h e  p o l a r i z a t i o n  f a c t o r  
is t h e n  eas i ly  o b t a i n e d  f r o m  his  or ig inal  express ion .  
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B o r o n  ha s  l ong  b e e n  k n o w n  to  ex i s t  in  severa l  po ly -  
m o r p h i c  m o d i f i c a t i o n s ,  b u t  t h e  s y s t e m a t i c  s t u d y  of t h e  
s t r u c t u r e s  of t h e s e  p o l y m o r p h s  was  n o t  b e g u n  u n t i l  
r e l a t i ve ly  r ecen t l y .  H o a r d  et al. (1958) h a v e  d e t e r m i n e d  
t h e  c rys t a l  s t r u c t u r e  of a t e t r a g o n a l  f o r m  of b o r o n ;  t h e  
un i t - ce l l  d i m e n s i o n s  are  a = 8.75 a n d  c = 5.06 A. T h e  cell 
c o n t a i n s  50 a t o m s .  S a n d s  & H o a r d  (1957) also r e p o r t e d  a 
r h o m b o h e d r a l  f o r m  of b o r o n ;  a = 10.12 A a n d  a = 65 ° 28'.  
T h e  t r i p l y  p r i m i t i v e  h e x a g o n a l  cell to  w h i c h  th i s  r h o m b o -  
h e d r a l  cell m a y  be  r e f e r r ed  ha s  ax ia l  d i m e n s i o n s  of 
a = 1 0 . 9 5  a n d  c = 2 3 " 7 3  A. T h e  p r i m i t i v e  r h o m b o h e d r a l  
cell c o n t a i n s  108 a t o m s .  More  r ecen t ly ,  M c C a r t y  et al. 
(1958) r e p o r t e d  a n o t h e r  r h o m b o h e d r a l  f o r m  of b o r o n ;  
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a = 5 . 0 5 7  /~ a n d  a = 5 8  ° 4'.  Th i s  cell c o n t a i n s  o n l y  12 
a t o m s ;  t h e  d i m e n s i o n s  of t h e  h e x a g o n a l  cell to  w h i c h  i t  
c an  be  r e f e r r ed  a re :  a = 4 . 9 0 8  a n d  c =  12.567 A.  

All  t h r e e  p o l y m o r p h s  m e n t i o n e d  a b o v e  h a v e  b e e n  
s t u d i e d  b y  s ingle  c ry s t a l  m e t h o d s .  Severa l  a d d i t i o n a l  
m o d i f i c a t i o n s  h a v e  b e e n  r e p o r t e d ,  b a s e d  on  s t ud i e s  of 
p o l y c r y s t a l l i n e  s p e c i m e n s  ( N a r a y - S z a b o  & Tobias ,  1949; 
L a n g r e n a u d i e ,  1954; Rol l ier ,  1953; L a u b e n g a y e r  et al. 
1943). 

R e c e n t l y ,  sti l l  a n o t h e r  p o l y m o r p h s  was  d e t e c t e d  in 
ou r  l abora tor ies .~  S p e c i m e n s  were  p r e p a r e d  b y  t h e  

t The specimen was prepared by one of us (C.T.) a t  Ex- 
per iment  Inc. Richmond,  Va.;  X-ray  studies were carried out  
a t  the Polytechnic  Ins t i tu te  of Brooklyn.  


